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Abstract: We study the Schwinger mechanism by a uniform electric field in dS2 and
AdS2 and the curvature effect on the Schwinger effect, and further propose a thermal
interpretation of the Schwinger formula in terms of the Gibbons-Hawking temperature and
the Unruh temperature for an accelerating charge in dS2 and an analogous expression in
AdS2. The exact one-loop effective action is found in the proper-time integral in each space,
which is determined by the effective mass, the Maxwell scalar, and the scalar curvature,
and whose pole structure gives the imaginary part of the effective action and the exact pair-
production rate. The exact pair-production rate is also given the thermal interpretation.
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1 Introduction
A strong electric field through the electromagnetic interaction with virtual pairs of the
vacuum produces charged real pairs, known as the Schwimger mechanism, and polarizes the
vacuum and gives nonlinear quantum electrodynamics (QED) action [1]. A de Sitter (dS)
space is known to produce the Gibbons-Hawking radiation from the cosmological horizon
[2], around which one species of virtual pairs is emitted to an observer and the other species
falls behind the horizon, implying the dS radiation [3]. One interesting question is then
what effect the spacetime curvature has on the pair production from a uniform electric
field and conversely how the electric field affects the dS radiation. A more challenging task
will be to find the one-loop effective action both in the uniform electric field and in the
curved spacetimes. The exact one-loop effective action in a general electromagnetic field or
a general spacetime, however, has not been found yet in the sense of the Schwinger action
in the proper-time integral for a uniform electromagnetic field though the one-loop effective
action can be formally written in the heat kernel method [4]. Because the pair production
and the vacuum polarization are nonperturbative QED phenomena, the one-loop effective
action is essential in exploring the quantum structure of the vacuum as well as the pair
production.
The dS space is an interesting issue both in cosmology and black hole physics. Re-
markably, the Friedmann-Robertson-Walker equation for the dS space can be explained by
the first law of black hole thermodynamics [5]. The vacuum of the dS space is important
in understanding the early universe. The dS space in the global coordinates has an in-
triguing property of vanishing dS radiation in odd spacetime dimensions [6]. The stability
of odd-dimensional dS spaces and the instability of even-dimensional dS spaces may be
interpreted as the solitonic nature [7] or the Stokes phenomenon [8, 9]. QED might have
played some role in the early stage of the universe though the electromagnetic field in the
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present universe is not strong enough to polarize the vacuum and to create pairs. The
radial motion of a scalar wave in the Nariai geometry of a rotating black hole in the dS
space is equivalent to a massive charge in a uniform electric field in the dS2 space [10, 11].
The near-horizon geometry of an extremal rotating black hole or an extremal Reissner-
Nordstro¨m (RN) black hole has the topology AdS2×S2 and the motion of a charged scalar
field is equivalent to that in the uniform electric field in the AdS2 space [12]. Thus, the
Schwinger mechanism in AdS2 may shed light on understanding the Hawking radiation
near the extremal rotating black hole and the pair production by the near extremal RN
black hole [13].
The dS spaces with the maximal spacetime symmetry allow explicit solutions of a
charged field in the uniform electric field and thereby lead to the exact pair-production
rate [14–22]. Similarly, the quantum states of a charged scalar in the uniform electric
field in AdS2 gives the Breitenlohler-Freedman bound for the pair production, a condition
for violating the stability of AdS space [17, 23]. The dS radiation of a scalar field has
a Bose-Einstein distribution with the Gibbons-Hawking temperature while the Schwinger
formula for the pair production in the uniform electric field has a Boltzmann distribution,
regardless of the spin of particles. Furthermore, charged particles or virtual pairs in the
uniform electric field could accelerate for an infinite period and feel a thermal spectrum
with the Unruh temperature due to the Rindler horizon [24, 25]. The worldline instanton
path of a charge in the unform electric field undergoes a periodic motion in the proper
time and thus suggests the Unruh temperature to be associated with the non-relativistic
acceleration [26]. Can one then understand the spectrum of pairs produced by the uniform
electric field in the dS space as that of accelerating charges? Interestingly, the spectrum
felt by an accelerating observer in the dS space has the effective temperature, which is
the geometric mean with the exponent two of the Unruh temperature and the Gibbons-
Hawking temperature [27, 28]. The constant curvature black hole also has an effective
temperature for the Hawking radiation [29].
The purpose of this paper is two-fold. First, we propose the effective temperature
interpretation of the Schwinger pair production both in a uniform electric field and in
the dS2 and AdS2 space. We then find the exact one-loop effective actions and discuss
physical implications to black holes and gravity. The Schwinger formula given by the
Boltzmann factor, the leading term of the exact pair-production rate, can be found from
the instanton action in the tunneling picture [30, 31]. The instanton action is determined
both by the scalar curvature of the dS or AdS space and by the acceleration of charge
by the electric field. We observe that the Schwinger formula may be interpreted by the
effective temperature analogous to that seen by an accelerating observer in the given space
except for a factor of two, which is intrinsic to the Schwinger mechanism in the Minkowski
spacetime. The exact pair-production rate from the Bogoliubov transformation of the
quantized charged field, however, has an additional temperature, which is also expressed
by the Gibbons-Hawking and the Unruh temperatures, and which becomes significant only
when the Gibbons-Hawking temperature or the scalar curvature is larger than the Unruh
temperature.
In order to find the exact one-loop effective action, we employ the in-out formalism
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by Schwinger and DeWitt [4, 32], in which the one-loop action is the scattering matrix
between the in-vacuum and the out-vacuum, which in turn can be expressed by the Bogoli-
ubov coefficient. For that purpose, we find the Bogoliubov coefficient of a charged scalar
field in the uniform electric field and in dS2 and AdS2, and then use the gamma-function
regularization method, which has recently been introduced to compute QED actions in
time-dependent or spatially localized electric fields [33, 34]. The Bogoliubov coefficient of
the charged field is given by a fraction of gamma functions and each gamma function has a
proper-time integral representation, leading to a renormalized complex action for the pair
production either by the electric field or by dS2. We investigate both the effect of curvature
on the Schwinger mechanism, which corresponds to the weak gravity limit, and the effect
of the Schwinger mechanism on the dS radiation, which corresponds to the weak field limit.
We find the power series expansion of the one-loop effective action in terms of the scalar
curvature and the Maxwell scalar in dS2 and AdS2.
The organization of this paper is as follows. In section 2, we find the relativistic (WKB)
instanton actions for a charged scalar in a constant electric field in dS2 and AdS2, and in-
terpret the Schwinger pair production in terms of an effective temperature analogous to the
accelerating observer in the given space. In section 3, we quantize the charged scalar field in
dS2 and find the pair-production rate through the Bogoliubov transformation. We further
find a complex one-loop effective action in the in-out formalism, whose real part is the vac-
uum polarization, and whose imaginary part is the vacuum persistence. We show that the
one-loop effective action satisfies the consistence relation between the pair-production rate
and the vacuum persistence. We discuss the curvature effect on the Schwinger mechanism
and also the Schwinger effect on the dS radiation. In section 4, we quantize the charged
field in AdS2, find the Bogoluibov coefficient from the tunneling boundary condition, and
compute the exact one-loop effective action. We discuss the Breitenlohler-Freedman bound
and the curvature effect on the Schwinger mechanism. Finally, we discuss the physical im-
plication of the result in section 5.
2 Effective Temperature for Schwinger Effect in dS2 and AdS2
In a curved spacetime with the metric tensor gµν , a charged scalar field with the mass m
and the charge q obeys the equation (units of c = ~ = kB = 1)
1√−gDµ
(√−ggµνDν)φ−m2φ = 0, (2.1)
where Dµ = ∂µ − iqAµ with Aµ = (−A0, Ai) and the field tensor is Fµν = Aν,µ − Aµ,ν in
the curved spacetime. In the planar coordinates of dS2, a constant electric field has the
vector potential
ds2 = −dt2 + e2Htdx2, A1(t) = −E
H
(eHt − 1), (2.2)
while in AdS2 space it has the Coulomb potential
ds2 = −e2Kxdt2 + dx2, A0(t) = −E
K
(eKx − 1). (2.3)
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The gauge potentials reduce to those in the Minkowski space in the limit of H = 0 or
K = 0. The scalar curvature and the Maxwell scalar are, respectively,
RdS = 2H2, RAdS = −2K2, F = 1
4
FµνF
µν = −1
2
E2. (2.4)
In dS2, the momentum mode φk = e
−Ht/2ϕk has the equation
ϕ¨k(t) + Ω¯
2
k(t)ϕk(t) = 0, (2.5)
where the dot denotes the derivative with respect to time and
Ω¯2k(t) = γ
2
dS + k¯
2e−2Ht + 2
qE
H
k¯e−Ht, γ2dS =
(qE
H
)2
+m2 − H
2
4
, (2.6)
and k¯ = k− qE/H is the shifted momentum. Note that γdS is the frequency of the charge
with the momentum k near the future infinity or the cosmological horizon. In AdS2, the
energy mode φω = e
−Kx/2ϕω now has the equation
ϕ′′ω(x) + Ω¯
2
ω(x)ϕω(x) = 0, (2.7)
where the prime denotes the derivative with respect to space and
Ω¯2ω(x) = γ
2
AdS + ω¯
2e−2Kx − 2qE
K
ω¯e−Kx, γ2AdS =
(qE
K
)2
−
(
m2 +
K2
4
)
(2.8)
and ω¯ = ω − qE/K is the shifted energy. The charge with the energy ω has the real
momentum γAdS near the asymptotic boundary. The positive energy solution to eq. (2.5)
may have the WKB form ϕk = e
−iSk(t) and the positive flux solution to eq. (2.7) may have
another WKB form ϕω = e
iSω(x). Then, in the tunneling picture, the relativistic instanton
action in dS2 is given by the phase-integral [30, 31], which from the formula 2.266 of ref.
[35] leads to
Sk =
∫ t∗c
tc
Ω¯k(t)dt = −iπ
(γdS
H
− qE
H2
)
, (2.9)
where tc and t
∗
c are a pair of complex turning points in the complex time. Similarly, the
instanton action in AdS2 is by
Sω =
∫ x∗c
xc
Ω¯ω(x)dx = −iπ
(γAdS
K
− qE
K2
)
, (2.10)
where xc and x
∗
c are another pair of complex turning points in the complex space. We have
used the translational- or time-symmetric argument in obtaining eqs. (2.9) and (2.10).
Another complex method gives the pair-production rate by the contour integral as ImSk =
(1/2)
∮
Ω¯k(z)dz and ImSω = −(1/2)
∮
Ω¯ω(z)dz [9, 22, 30, 36]. Then, the Schwinger formula
for pairs with the given momentum or energy is approximately given by
NS = e
−2S , (2.11)
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where the instanton action for dS2 is
Sk = −2 ImSk = 2π
H
(
γdS − qE
H
)
(2.12)
and for and AdS2 is
Sω = 2 ImSω = 2π
K
(qE
K
− γAdS
)
. (2.13)
The pair-production rate (2.11) is the leading Boltzmann factor of the exact formula in
sections 3 and 4 below.
In the pure dS2 (E = 0), a species of particles with the mass m can be produced
provided that the Compton wavelength λC = 1/2m is shorter than the Hubble radius
rH = 1/H, and the dS radiation is determined by the Gibbons-Hawking temperature,
regardless of spacetime dimensions, as
NGH = e
− m
TGH , TGH =
H
2π
. (2.14)
The dS radiation (2.14) is the leading term of the exact Gibbons-Hawking radiation which
has the Bose-Einstein distribution, as shown section 3. On the other hand, in the (1+1)-
dimensional Minkowski space, the Schwinger pair-production rate may be given by the
Unruh temperature for the accelerating charge
NS = e
− m
2TU , TU =
qE/m
2π
. (2.15)
A subtle issue in interpreting the Schwinger effect via the Unruh temperature is that the
temperature measured by a detector is TU [37, 38] and the worldline instanton path in
the Eucliean proper-time gives the periodicity 1/TU [26] or that another Unruh tempera-
ture 2TU for the reduced mass of the pair may give a correspondence between Schwinger
mechanism and the Unruh effect [39]. Still another interpretation is that the Schwinger
effect in the (1+3)-dimensional spacetime has the Boltzmann distribution for the trans-
verse energy with the Unruh temperature (2.15) together with a chemical potential [40] or
that a nonstandard gyromagnetic ratio of the charge may give the identical result from the
Unruh effect and the Schwinger effect [41]. The resolution of this Unruh temperature for
the Schwinger mechanism is not the main issue and goes the scope of this paper.
Under the influence of the electric field, the expansion of dS2 space has the effect
of separating the charged pairs and thus reducing the mass by the effective mass m¯ =√
m2 −H2/4 for the pair production while the confining nature of AdS2 has the effect of
binding the pair and increasing the mass by another effective mass m¯ =
√
m2 +K2/4.
The Schwinger pair production in the AdS2 space has the Breitenlohlner-Freedman bound
qE ≥ Km¯. Now, a question is whether the Schwinger mechanism (2.11) may be interpreted
in terms of an effective temperature associated with the Unruh temperature (2.15) and the
Gibbons-Hawking temperature (2.14). A naive interpretation for dS2 would be that eq.
(2.11) may have the form NS = e
−(ǫ−µ)/TGH , where ǫ is the energy γdS of the charge and µ
is the chemical potential qE/H on the horizon. A drawback of this interpretation, however,
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is that it does not have an analog in AdS2 because AdS2 does not have a horizon and the
associated temperature.
Now, we advance a new thermal interpretation of the pair production in the uniform
electric field and in dS2 and AdS2, which writes the the pair-production rate as
N = e
− m¯
Teff , (2.16)
where the effective temperature for dS2 is
TdS =
√
T 2GH + T
2
U + TU, (2.17)
and for AdS2 is
TAdS = TU +
√
T 2U −
(K
2π
)2
. (2.18)
The Breitenlohler-Freedman bound for the instability of AdS2 becomes TU ≥ K/(2π).
It is interesting to compare eqs. (2.17) and (2.18) with the effective temperature for an
accelerating observer in dS2 and AdS2, which is given by [27, 28]
Teff =
√
T 2U +
R
8π2
, (2.19)
where R denotes the scalar curvature in dS2 and AdS2. Therefore, the Schwinger mecha-
nism in dS2 and AdS2 may have the interpretation of the temperature for an accelerating
charge up to the factor of two, which is intrinsic to the Schwinger mechanism. In other
words, eqs. (2.17) and (2.18) are the effective temperatures modified by the uniform elec-
tric field. In the following sections we explore the quantum field theory for the Schwinger
mechanism in dS2 and AdS2 and find the one-loop effective actions in the proper-time
integral.
3 One-Loop Effective Action in dS2
We canonically quantize the complex field in terms of the annihilation operator for a particle
and the creation operator for an antiparticle as
φˆ(t, x) =
∫
dk
2π
[
aˆkφ
(+)
k (t)e
ikx + bˆ†kφ
(−)
k (t)e
−ikx]. (3.1)
Here, the positive frequency solution φ
(+)
k and the negative frequency solution φ
(−)
k of the
mode equation in dS2
φ¨k +Hφ˙k + ω
2
k(t)φk = 0, (3.2)
with
ω2k(t) = m
2 + e−2Ht
(
k¯ +
qE
H
eHt
)2
(3.3)
satisfy the Wronskian condition
eHtWr(t)[φ
(+)
k (t), φ
(−)
k (t)] = i. (3.4)
The Wronskian condition (3.4) comes from the quantization rule in curved spacetimes.
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3.1 Bogoliubov Transformation and Exact Pair-Production Rate
The out-vacuum is defined by the positive and the negative frequency solutions in the
future infinity (t =∞)
φ
(+)
out,k =
eiπ/4eπ|µ|/2√
2γ
(H
2k¯
)3/2
e−Ht/2zMλ,µ(z),
φ
(−)
out,k =
eiπ/4eπ|µ|/2√
2γ
(H
2k¯
)3/2
e−Ht/2zMλ,−µ(z), (3.5)
where Mλ,µ is the Whittaker function and
z = 2i
k¯
H
e−Ht, λ = −i qE
H2
k¯
|k¯| , µ = i
γdS
H
. (3.6)
The in-vacuum is constructed by the positive and the negative frequency solutions in the
past infinity (t = −∞)
φ
(+)
in,k =
e−π|λ|/2√
H
(H
2k¯
)3/2
e−Ht/2(−z)W−λ,µ(−z),
φ
(−)
in,k =
e−π|λ|/2√
H
(H
2k¯
)3/2
e−Ht/2zWλ,µ(z), (3.7)
where Wλ,µ is another Whittaker function and the Riemann sheet is chosen such that
−π ≤ arg(z) < π so that −z = e−iπz. The solutions in the conformal time may be used
[21]. In this paper, we consider the case of k¯ ≥ 0, but for k¯ < 0, λ is replaced by −λ. Using
the connection formula 9.233-2 of ref. [35], we find the Bogoliubov coefficients
φ
(+)
in,k = αkφ
(+)
out,k + βkφ
(−)
out,k (3.8)
where
αk = −eiπ/4
√
H
2γdS
e(Sµ+Sλ)/4e−iπλ
Γ(1 + 2µ)
Γ(12 + µ− λ)
,
βk = e
iπ/4
√
H
2γdS
e(Sµ+Sλ)/4e−iπ(λ−µ−
1
2
) Γ(1 + 2µ)
Γ(12 + µ+ λ)
. (3.9)
Here, the instanton actions are
Sµ = −2iπµ = 2πγdS
H
, Sλ = 2π|λ| = 2π qE
H2
. (3.10)
The Bogoliubov relation |αk|2 − |βk|2 = 1 holds. The mean number of produced pairs is
NdS = |βk|2 = e
−(Sµ−Sλ) + e−2Sµ
1− e−2Sµ . (3.11)
The pair-production rate (2.11) from the phase-integral method is the leading Boltzmann
factor of the exact one (3.11).
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Figure 1. (color online). The Schwinger pair-production rate NdS in dS2 as a function of E and
H is plotted in the range of X = [0, 3] and Y = [0, 10], where X = qEm¯2 =
qE
m
√
1−(H/2m)2
and
Y = m¯H =
√
(m/H)2 − 1/4 [left panel], and the relative ratio of the difference between NdS and the
Boltzmann factor NS = e
−(Sµ−Sλ), that is, 1− NSNdS for the range of X = [0, 1] and Y = [0, 1] [right
panel].
The effective mass m¯ =
√
m2 − (H/2)2 can be arbitrarily small when the Hubble
radius is comparable to the Compton wavelength of the charge, and thus lowers the effective
critical strength EC = m¯
2/q and enhances the pair-production rate as shown in the left
panel of figure 1. As the Hubble radius increases, the pair-production rate decreases more
rapidly for a weak field than for a strong field, but in general the pair production increases
as the field gets stronger. As shown in the right panel of figure 1, the Boltzmann factor for
the pair production in section 2 is a good approximation to the exact formula regardless of
the field strength except when the Hubble radius is comparable to the effective Compton
wavelength.
3.2 Effective Action
In the in-out formalism based on the variational principle [4, 32], the one-loop effective
action per Hubble time and per unit length is given by
L(1)dS = iH
∫
dk
2π
ln(α∗k), (3.12)
which, up to trivial terms to be regulated away, leads to
L(1)dS = iH
∫
dk
2π
[
ln Γ
(
1− iSµ
π
)
− ln Γ
(1
2
− iSµ
2π
+ i
Sλ
2π
)]
. (3.13)
We now employ the gamma-function regularization method in refs. [33, 34], which first
expresses the logarithm of the gamma function via the formula 8.341-3 of ref. [35] as
ln(Γ(z)) =
∫ ∞
0
ds
s
[ e−zs
1− e−s − · · ·
]
, (3.14)
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where the dots denote the subtraction of the terms to be regularized away through renor-
malization of the vacuum energy and coupling constants. We then applies the Cauchy’s
residue theorem
∮
f(z)dz = ±2πi∑(residue), which performs a contour integral of the
quarter-circle of infinite radius in the first or the fourth quadrant of the complex plane.
For a complex argument of the gamma function, we obtain the complex effective action,
which is the case of QED action in electric fields. Furthermore, from the Cauchy theorem
does follow the consistence relation between the imaginary part of the effective action and
the pair-production rate:
2ImL(1) =
∑
ln(|αk|2) =
∑
ln(1 + |βk|2). (3.15)
Finally, we find the vacuum polarization (real part of the effective action) in the proper-time
integral
L(1)dS =
qE
2π
∫ ∞
0
ds
s
[
e−(Sµ−Sλ)s/2π
( 1
sin(s/2)
− 2
s
− s
12
)
−e−Sµs/π
(cos(s/2)
sin(s/2)
− 2
s
+
s
6
)]
. (3.16)
In the above, we have used the Schwinger substraction scheme, in which the first sub-
tracted term renormalizes the vacuum energy and the second one renormalizes the charge
in the large-field limit, though the charge renormalization involves a finite term [42] in 1+1
dimensions. In obtaining eq. (3.16) we have counted the number of states of longitudinal
momentum and have used the symmetric argument.
A few comments are in order. Firstly, summing all the principal values of simple poles
located on the positive imaginary axis, we obtain the imaginary part of the effective action
ImL(1)dS =
qE
2(2π)
[
ln(1 + e−(Sµ−Sλ))− ln(1− e−2Sµ)]. (3.17)
The vacuum persistence is identical with that from the principal values of the effective
action (3.16). Furthermore, the vacuum persistence satisfies the consistency relation for
the scalar QED
2ImL(1)dS =
qE
2π
ln(1 +NdS). (3.18)
Secondly, the first integral of eq. (3.16) corresponds to the scalar QED action while the sec-
ond integral corresponds to the spinor QED action in a constant electric field in Minkowski
spacetime [1]. It is the consequence between the vacuum persistence and the distribution
function of produced pairs: the Bose-Einstein distribution gives the vacuum persistence for
the spinor QED while the Fermi-Dirac distribution gives that for the scalar QED [43]. The
effective action for the pure dS space without the electric field is obtained by combining
both integrals while QED action in the Minkowski space (H = 0) is given by the first
integral because Sµ = ∞. Finally, a non-minimal coupling of the field ξRφ∗φ can change
the effective mass by m¯ =
√
m2 + (ξ − 1/8)R. In this paper we consider only QED with
the minimal coupling with the abelian gauge for electromagnetic fields.
– 9 –
We now investigate the effect of the dS radiation on the Schwinger effect and, con-
versely, the effect of the Schwinger effect on the dS radiation, that is, the curvature effect
on the Schwinger mechanism and the Schwinger effect on the spacetime curvature. For
that purpose, we express the effective action in terms of the rescaled scalar curvature and
the Maxwell scalar
R¯ = 1
2
R = H2, F¯ = −2q2F = (qE)2. (3.19)
The effective action (3.16) has the power series expansion [35]
L(1)dS =
qE
2π
∞∑
n=2
(−1)n−12B2n
(2n)(2n − 1)
[
(1− 21−2n)
( 2π
S(−)
)2n−1
−
(2π
Sµ
)2n−1]
, (3.20)
where B2n are Bernoulli numbers, and S(−) = Sµ − Sλ and Sµ are given by
S(−) = 2π
√
m¯2
R¯ +
F¯
R¯2 − 2π
√
F¯
R¯ ,
Sµ = 2π
√
m¯2
R¯ +
F¯
R¯2 . (3.21)
The first term of (3.20) gives
L(1)dS =
1
360π
√
F¯
m¯6
[
7
8
(√
F¯ + m¯2R¯+
√
F¯
)3
−
( m¯4R¯2
F¯ + m¯2R¯
)3/2]
. (3.22)
In the limit of the zero-scalar curvature, the first term (3.22) reduces to the Schwinger
action in the two-dimensional Minkowski spacetime. It will be interesting to compare
the non-power expansion of the Maxwell scalar and scalar curvature in eqs. (3.20) and
(3.22) with some perturbative power expansions of the one-loop effective action for the
Einstein-Maxwell theory [44, 45].
In the strong-field limit (
√
F¯ ≫ R¯), keeping the first two leading terms of eq. (3.21),
the effective action approximately takes the form
L(1)dS =
qE
2π
∫ ∞
0
ds
s
e−(m¯
2/2qE)s
(
e(m¯
4R¯3/F¯3/2)s − 2e−(
√
F¯/R¯)s cos2(s/4)
)
×
( 1
sin(s/2)
− 2
s
− s
12
)
. (3.23)
Note that the first and the last factor is the one-loop effective action in the Minkowski
spacetime whereas the middle parenthesis is the leading curvature effect on the Schwinger
effect. In the limit of the zero-scalar curvature, the expansion reduces to the first term of
the Schwinger action in the two-dimensional Minkowski spacetime
L(1)dS =
7
720π
(qE)4
m6
. (3.24)
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In the opposite case of the strong gravity limit (R¯ ≫
√
F¯), the effective action is approxi-
mately given by
L(1)dS =
qE
2π
∫ ∞
0
ds
s
e−(m¯/H)se−(F¯/m¯R¯
3/2)s
(e(√F¯/R¯)s − 1
cos(s/2)
− 1
)
×
(cos(s/2)
sin(s/2)
− 2
s
+
s
6
)
. (3.25)
In the extreme case of the zero field (F¯ = 0), the number of states qE/(2π) should be
replaced by H2 per unit Hubble length and per unit Hubble time. Then, the one-loop
effective action takes the form of spinor QED action, where m¯2/(2qE) is replaced by m¯/H
in the exponent and qE/(2π) by H2 in the prefactor. This apparent spin-statistics may
be understood from the fact that the dS radiation, a Bose-Einstein distribution, has the
vacuum persistence for the spinor QED [43]
ImL(1)dS = −
H2
2
ln(1− e−m¯/TGH). (3.26)
Because the vacuum persistence is determined by the poles of the one-effective action in
the proper-time integral, the effective action also should have the form for the opposite
spin-statistics, the last parenthesis in Eq. (3.25).
Interestingly, the vacuum persistence (3.17) and the exact pair-production rate (3.11)
may be written in terms of the effective temperature in section 2 and an additional one
S(−) = m¯
TdS
, Sµ = m¯
T¯dS
, (3.27)
where
TdS =
√
T 2U + T
2
GH + TU, T¯dS =
T 2GH
2
√
T 2U + T
2
GH
. (3.28)
The effective temperature TdS has the interpretation of the accelerating charge in dS2
but T¯dS does not have any gravity analog. In the case of strong field, in which TdS ≈ 2TU
and T¯dS ≈ T 2GH/(2TU), the exact pair-production rate (3.11) is dominated by the Schwinger
mechanism and the corrections are exponentially suppressed. In the opposite case of strong
gravity, in which TdS ≈ TGH and T¯dS ≈ TGH/2, the Schwinger term and the correction terms
are comparable each other, which can be summed as the Bose-Einstein distribution of the
dS radiation.
4 One-Loop Effective Action in AdS2
The universal covering space of AdS space obtained by unwrapping S1 will be used to
quantize the quantum field so that there is no closed timelike curve in the metric (2.3).
The energy mode φ = e−iωtϕω(x) of the charged scalar field satisfies the equation[
e−Kx∂x(eKx∂x) + e−2Kx
(
ω¯ − qE
K
eKx
)2
−m2
]
φω(x) = 0. (4.1)
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The energy can take any value as in the Minkowski spacetime because the topology S1 for
time coordinate is unwrapped. The quantum field will be considered for the pair production
so that the Breitenlohlner-Freedman bound for the instability holds. As for dS2, at the
asymptotic boundary x = ∞, we find the solutions with the positive (outgoing) flux and
the negative (incoming) flux, respectively,
φ(+)ω (x) =
( K
2iω¯
)1/2( 1
2γAdS
)1/2
Mκ,−ν(ζ),
φ(−)ω (x) =
( K
2iω¯
)1/2( 1
2γAdS
)1/2
Mκ,ν(ζ), (4.2)
where
κ = i
qE
K2
, ν = i
γAdS
K
, ζ = 2i
ω¯
K
e−Kx. (4.3)
The solutions (4.2) satisfy the quantization condition for the tunneling boundary for QED
in static electric fields [34]
eKxWr(x)[φ
(−)(x), φ(+)(x)] = i. (4.4)
Similarly, at x = −∞ the other set of solutions with the positive (incoming) flux and the
negative (outgoing) flux satisfying the condition (4.4) are
φ(+)ω (x) =
( 1
2ω¯
)1/2
Wκ,−ν(ζ),
φ(−)ω (x) =
( 1
2ω¯
)1/2
W−κ,−ν(e−iπζ). (4.5)
Using the connection formula 9.233-2 between the Whittaker functions [35]
Mκ,−ν(ζ) =
Γ(1− 2ν)
Γ(12 − ν − κ)
e−iπκW−κ,−ν(e−iπζ)
+
Γ(1− 2ν)
Γ(12 − ν + κ)
e−iπ(κ+ν−
1
2
)Wκ,−ν(ζ), (4.6)
we find the Bogoliubov coefficient as the ratio of the coefficient for the outgoing flux solution
to the coefficient of the incoming flux solution, which is given by
αω =
Γ(12 − ν + κ)
Γ(12 − ν − κ)
e−iπν . (4.7)
The one-loop effective action in the in-out formalism is obtained from the contour integrals
of quarter circles in the first and fourth quadrants as
L(1)AdS = −
qE
2π
∫ ∞
0
ds
s
e−Sκs/(2π) cosh(Sνs/2π)
[ 1
sin(s/2)
− 2
s
− s
12
]
, (4.8)
where
Sκ = −2πiκ = 2π qE
K2
, Sν = −2πiν = 2πγAdS
K
. (4.9)
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Here, we have used the Schwinger subtraction scheme by subtracting the first term for the
vacuum energy renormalization and the second term for the finite charge renormalization.
The contour integrals give the vacuum persistence
2 Im(L(1)AdS) = ln
(1 + e−(Sκ−Sν)
1 + e−(Sκ+Sν)
)
= ln(1 +NAdS). (4.10)
The vacuum persistence can also be obtained from the principle values of the effective
action (4.8). The vacuum persistence is consistent with the number of produced pairs
NAdS = |αω|2 − 1 = e
−(Sκ−Sν) − e−(Sκ+Sν)
1 + e−(Sκ+Sν)
. (4.11)
Note that the near-horizon geometry of an extremal RN black hole is AdS2 with a uniform
electric field and that the pair-production rate (4.11) is the same as the emission rate of
charged s-wave from the extremal RN black hole with the charge Q, where the electric field
is E = 1/Q and the curvature is 1/Q2 [13]. The pair production in AdS2 thus may shed
light on understanding the emission from RN black holes beyond the leading Schwinger
term [46].
The leading term NS = e
−(Sκ−Sν) is the Boltzmann factor for the Schwinger formula in
section 2. The binding nature of AdS2 provides the effective mass m¯ = m
√
1 + (K/2m)2
and thus increases the critical strength EC = m¯
2/q. The ratio of 1/K to the effective Comp-
ton wavelength has the lower bound Y = 1/2, and the Breitenlohler-Freedman bound gives
a constraint X ≥ 1/Y in figure 2. As shown in the left panel of figure 2 the pair production
drastically increases near Y = 1/2 as the field increases but gently increases otherwise. The
right panel of figure 2 shows that the Boltzmann factor is a good approximation except for
the region near Y = 1/2, where the curvature effect becomes important.
The one-loop effective action has a power series expansion in terms of the scalar cur-
vature and the Maxwell scalar
L(1)AdS = −
qE
2π
∞∑
n=2
(−1)n−1(1− 21−2n)B2n
(2n)(2n − 1)
[( 2π
S(−)
)2n−1
−
( 2π
S(+)
)2n−1]
, (4.12)
where B2n are the Bernoulli numbers, and S(∓) = Sκ ∓ Sν are given by the rescaled
quantities as
S(∓) = 2π
√
F¯
R¯ ∓ 2π
√
F¯
R¯2 +
m¯2
R¯ . (4.13)
The overall negative sign in eq. (4.8) comes from the tunneling boundary condition, which
occurs for the QED action in the Coulomb gauge [34]. The expansion (4.8) is still a non-
power expansion of the Maxwell scalar and the scalar curvature, and may have a power
series only in the limit of large field or curvature.
5 Conclusion
We have studied the Schwinger pair production by a uniform electric field in dS2 and AdS2
and obtained the exact one-loop effective actions from the scattering matrix between the
– 13 –
Figure 2. (color online). The Schwinger pair-production rate NAdS in AdS2 as a function of E
and K is plotted in the range of X = [2, 4] and Y = [ 12 , 5], where X =
qE
m¯2 =
qE
m
√
1+(K/2m)2
and
Y = m¯K =
√
m2
K2 +
1
4 [left panel], and the relative ratio of the difference between Boltzmann factor
NS = e
−(Sκ−Sν) and NAdS, that is,
NS
NAdS
− 1 for the range of X = [2, 2110 ] and Y = [ 12 , 610 ] [right
panel].
in-vacuum and the out-vacuum in the in-out formalism. Furthermore, we have proposed
a thermal interpretation of the pair-production rate, whose temperature is the geometric
mean of the exponent two of the Gibbons-Hawking temperature and the Unruh temper-
ature for an accelerating charge in dS2 and an analogous expression in AdS2. As far as
the electromagnetic interaction is concerned, the pairs of charged particle experience an
effective mass or mass gap, which decreases due to the separation of pairs in dS2, but
increases due to binding of pairs in AdS2.
In dS2 the exact pair-production rate (3.11) has the form
NdS =
e−m¯dS/TdS + e−m¯dS/T¯dS
1− e−m¯dS/T¯dS , (5.1)
where the effective mass is m¯dS = m
√
1−RdS/(8m2) and the effective temperatures are
TdS =
√
T 2U + T
2
GH + TU, T¯dS =
T 2GH
2
√
T 2U + T
2
GH
. (5.2)
On the other hand, in AdS2 the exact pair-production rate (4.11) can be analogously
written as
NAdS =
e−m¯AdS/TAdS − e−m¯AdS/T¯AdS
1 + e−m¯AdS/T¯AdS
, (5.3)
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where the effective mass is m¯AdS = m
√
1−RAdS/(8m2) and the effective temperatures
are
TAdS = TU +
√
T 2U +
RAdS
8π2
, T¯AdS = TU −
√
T 2U +
RAdS
8π2
. (5.4)
In the limit of the zero-scalar curvature, the formulae (5.1) and (5.3) reduce to the Schwinger
formula with T = 2TU in the two-dimensional Minkowski space. Interestingly, the leading
Boltzmann factor for the pair-production rate respects the duality RdS ⇔ RAdS because
T 2GH = RdS/(8π2). However, the exact formulae do not respect this duality.
We have found the one-loop effective actions in the in-out formalism by Schwinger
and DeWitt, which expresses the quantum actions in terms of the Bogoliubov coefficients
between the in-vacuum and the out-vacuum. The Bogoliubov coefficients in dS2 and AdS2
are given by gamma functions and the gamma-function regularization method leads to one-
loop actions in the proper-time integral. Remarkably, the one-loop effective action in the
proper-time integral is entirely determined by the Maxwell scalar and the scalar curvature.
In the zero-curvature limit, the one-loop effective action reduces to the Schwinger effective
action in the Minkowski space while in the zero-field limit, the effective action action in
dS2 provides the one for pure dS space. The one-loop effective action in AdS2 is found
when the Breitenlohler-Freedman bound is violated and allows the pair production by
the electric field. The pole structure of the one-loop effective actions correctly give the
vacuum persistence and the pair-production rate in both dS2 and AdS2. We have studied
the curvature effect on the Schwinger mechanism and also the Schwinger effect on the dS
radiation.
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